How many sublattices of index N are there in the planar hexagonal lattice? Which of them are the best from the point of view of packing density, signal-to-noise ratio, or energy? We answer the first question completely and give partial answers to the other questions.
Questions
Let A denote the familiar hexagonal lattice shown in Fig. 1 . We shall investigate four questions arising from digital communications, especially cellular radio:
(Q1) How many sublattices does A have of index N? (Q2) Which sublattice F of index N has the greatest minimal norm/~ (defined in (1))? (Q3) Which sublattice has the highest signal-to-noise ratio S (defined in (2))? (Q4) Which sublattice has a fundamental region of minimal energy M (defined in (4))?
Applications of these results will be discussed in a separate paper [2] .
Comments
We assume throughout that A is the hexagonal lattice defined in Fig. 1 , having Gram matrix (_ I/2 -~/2) and determinant ¼. The index of a sublattice M in a lattice L is the order of the quotient group L/M.
(Q1) Two sublattices of A are called equivalent if they differ only by a rotation and possibly a reflection that sends A to itself. We wish to find the number of inequivalent sublattices of a given index. Surprisingly, the solution does not seem to be given in the literature, although with the help of [18] we were able to locate a paper by Altshuler [1] that treats an equivalent problem (formulated in terms of counting certain Hamiltonian maps on a torus). Altshuler does not however find the answer, which we give in Theorem 2 (see also Table 1 ).
(Q2) As in [7] we define the norm of a vector v to be its squared length v" v = Iv[ z, and the minimal norm of a lattice F to be rain v.v.
(1)
vEF, v~O
Question Q2 is equivalent to asking for the sublattices of A of index N and maximal density (cf. [7, Ch. 1] ). (Q3) If the nonzero points of the sublattice F are regarded as transmitters which interfere with a transmitter at the origin, a standard measure of the total interference is given by
v~F,v ~ O and the signal-to-noise ratio for this sublattice is (7 where R( = l/x/3 on our standard scale) is the covering radius of A. Question Q3 asks which sublattices A of index N minimize ~, or equivalently maximize SNR. In the range N ~< 32 the best lattices for Q3 are also the best lattices for Q2, but not conversely (since the answer to Q2 is in general not unique). 
where/5 = 1yk= ~ p~ is its centroid. The interpretation of M as the energy in ~ is a standard one in communications [4, 11] . Conjecturally minimal values of M for k ~< 100 (and for some larger k) were given in [12] , and subsequent research [6, 17] has failed to improve these values. These sets of points may equivalently be described as minimal-energy arrangements of nonoverlapping circular disk (pennies, for example). For k ~ 4 the putatively optimal solutions are subsets of the lattice A. (The case k = 4 is exceptional because there are infinitely many optimal solutions --see [12, Fig. 2.] ) Question Q4 asks for the minimal-energy arrangements of pennies that are fundamental regions of sublattices of A of index N. In other words, find those arrangements of N pennies which have minimal energy subject to admitting a lattice tiling. Rather surprisingly, the lattices that yield the best answers to Q4 are not always the best from the point of view of Q2 or Q3. Since A has rank 2, the quotient group Q = A/F is either a cyclic group CN, in which case we say F is primitive, or a direct product CN/r, × Cm of a pair of cyclic groups with m dividing N/m, so m2]N.
Theorem 1. Let N = 1-]~= 1 pk,. The number of inequivalent primitive sublattices of A of index N, fl (N), is
where
0 if N=-2 or 6(mod8).
and
Proof. The number of primitive sublattices of index N in a generic two-dimensional lattice is
(see [16, p. 134, Theorem 8] ). Because we are only counting sublattices of A up to rotation and reflection, we should divide (8) by 6, to take the symmetries of A into account. The additional terms involving vl and v2 in (5) are needed to compensate for the sublattices of A which already have rotational or reflectional symmetry: in these cases, we should have divided only by 2 or by 3, respectively. To determine the numbers of such sublattices we argue as follows. Any sublattice F of index N in A is obtained by defining a homomorphism ~b from A onto 77 N = Z/NZ and taking F = ker ~b. We specify ~ by its values at the lattice points 1, (o and 59; of course we must have ~b(1) + ~b(og) + ~b(59) = 0. Clearly multiplication of ~b by a unit of ZN does not affect F. Suppose F has rotational symmetry. After multiplication by a unit we may assume ~b(1) = 1, ~b(e)) = k, ~(59) = k 2, where
It is easily seen that the number of solutions to this congruence is vl, as given in (6) (see Eq. (4) of [ 10] , where however the formula is marred by an unfortunate misprint). This is the number of lattices with rotational symmetry, and should have been divided by 2 (the number of reflections) rather than 6 --hence the correction term
Suppose F has only reflectional symmetry. After multiplication by a unit we have one of the following (necessarily distinct) cases:
q~(1) --k, ~b(co) = -k -1, q~(59) = 1, where k 2 -1 (mod N). Again an easy counting argument show that the number of solutions to this congruence is 2 "-1+~, where v2 is given by (7) (cf. Eq. (5) of [10] , which gives a formula, again with an omission --the product should only involve odd primes --for the number of solutions to k 2 + 1 --0 (mod N)). Therefore, the number of distinct sublattices of A with reflectional symmetry is 3.2"-1 +v~. This number should have been divided by 3 (the number of rotations) rather by 6, which accounts for the correction term 
Proof. An arbitrary sublattice F of index N in A can be written in a unique way as 
Q2, Q3: Greatest minimal norm and maximal signal-to-noise ratio
We can identify A with the ring of Eisenstein integers Z [09], a principal ideal domain. An ideal of Z [09] has the form zA for some z = a + bog, where a, b are rational integers. This ideal corresponds to a sublattice of index N = zf = a 2 -ab + b 2 which is geometrically similar to A. We call these the ideal sublattices of A. The term is particularly appropriate in view of the next two theorems, which show that when they exist such sublattices answer both Q2 and Q3.
Theorem 3. The minimal norm p of any sublattice F of index N satisfies # <<. N, with equality if and only if F is an ideal sublattice.
Proof. This follows easily from the facts that the hexagonal lattice is the unique densest lattice packing in dimension 2, and that any endomorphism of this lattice corresponds to multiplication by an Eisenstein integer (cf. [7] ). []
Theorem 4. The interference a(F) for a sublattice F of index N satisfies a(F) >>. a(A)/N 2, with equality if and only if F is an ideal sublattice.
Proof. This follows immediately from Rankin's theorem [15] that the hexagonal lattice minimizes the value of the Epstein zeta-function of a lattice for all s ~> 1.035. [] In fact, it follows from the work of Rankin 1-15], Cassels I-5], Ennola [9] and Diananda [8] that the analogue of Theorem 4 holds when the exponent 4 in (2), (3) is replaced by any number greater than 2.
The interference for the hexagonal lattice itself is easily calculated from the formula [15] 
with equality if and only if F is an ideal sublattice.
Theorems 3 and 4 give the answers to Q2 and Q3 when an ideal sublattice of index N exists, that is when N is of the form Table 2 shows the answers to Q2 and Q3 for N ~< 32. In this range the best lattice for Q3 is also a best lattice for Q2, and we conjecture that this is always true. The first time there is a lattice which solves Q2 but not Q3 is at N = 20, when the SNR for (20 1 o) is greater than that for (20 o), even though they both have minimal norm 16. In the range of Table 2 the best lattice for Q3 is also unique, but we do not know if this will be true in general.
Q4: Minimal energy sublattices
To answer Q4 we must choose both a sublattice f' of index N and a fundamental region for F such that the set ~ of N lattice points in that region has minimal energy M. For any given N this is a finite problem, which we have solved for N ~< 32, and the results are given in Table 3 . Unfortunately, we have not been able to discover any general results. For N = 21 the best ~ does not arise from the ideal sublattice, so there is no analogue of Theorems 3 and 4. In fact, for N = 21 the best lattice has basis matrix (~ o), and the best configuration ~ is shown in Fig. 2 , which also displays the corresponding tiling of A by copies of ~. This lattice has minimal norm /~ = 19, whereas the ideal sublattice (~1 o) of course has p = 21, by Theorem 3 (see also Table 2 ). The configurations ~ are described in Table 3 Table 3 are worse than the corresponding entries in Table 1 of [12] .
Other questions
Many other questions could be asked (what about higher-dimensional analogues, for example?). We conclude with a theorem that identifies which lattices can be embedded in the hexagonal lattice. 
